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Absfract: The charscteristics of hydraulic fractures creared 2t shallow depths are kmown from excavations and borings, but this
nnderstanding has lagged behind the zbility to predict fracmre growith, This paper describes a simple analysis based on elasticity theory
and fracture mechanics that will predict characteristics of shallow hydraulic fractares that are selatively flat Iving, The analysis gives
closad-form expressions for the injection pressure, fracture apesture, and radial length as functions of tme, fracture toughness, and elastic
modulus. The analysis is first used to estimate fracture toughness and elastic medvlus of shallew formations from field tests of hydraulic
fracturing. Those paremeters are used to calibrate the model and predict the growth of fractures. The &verage relative error of the
pradictions is abowt 209% and incresses with the dip and degree of asymmetry of the fracture,
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Introduction

Hydraulic fractures created at shallow depths have been usad to
improve the performance of environmental remediazion projects
involving subsurface flove {(Muordoch et al. 1993), and they are the
basis for the creation of chemically reactive Darriers designed to
inhibit comtaminant migration in the vadose zome (Murdach
2000], Hydraulic fractures are recognized as a potential probilem
during some grouting operations (Morgenstern and Vanghn 1963;
Worg and Farmar 1973), but in other cases fractures with forms
similar to thoss used for environmenal applications have im-
proved the performance of growting procedures [Carenm 1982:
Chandler 1997}, Injection-based well testing to determine forma-
tion properties may be confounded if hydraulic fractures are cre-
ated inadvertently (Bjerrum et al. 1973).

The details of some hydraclic fractures created at shallow
depths are known because they can be scrunnized in excavations
and borings (Murdoch 1988, 1939, 1995}, but this understanding
has lagged behund the ability w predict fracture growth. An over-
view of the charactenstics of shallow hydranlic fractures has been
described in 2z companion paper (Murdoch and Slack 20020 that
appears in this issue. The purpoese of this paper i3 to present an
analysis that is able to predict aspects of the growth of shallow
hydraulic fractures created for envirommenal purposes and de-
scribed by Murdoch and Slack (2002),

Metheds for analyzing hydraulic fracures are well established
from more than 30 vears of investizations by workers in the pe-
trivlenm indostry where hydranlic fractires have long heen nged o
merease the yields of o1l wells. Analyses published by petrolenm
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enginesrs are extensive and reviews can be found in Gidley et al.
(1989), Veatch (1983a,b), and Murdach {1991}, Highly sophisti-
cated codes that predict the characteristics of hydraulic fractures
in oil reservoirs ara currznrly available, but most of them will
provide hmited insights inte characteristics of the shallow hy-
draulic fracmores described by Murdech and Slack (2002). This
shorteoming occurs largely because hydranlic frsctures in oil res-
ervoirs are vertical and fail to interact with the ground surface,
whereas the fractures described by Murdoch and Slack (2002} are
gently dipping and interact strongly with the ground surface. Per-
kins and Kern (1961) present an analysis of a Hat-Iving circular
hydraulic fracture in an oil reservein, and aspects of their analysis
are similar 1o the one described here.

The process of hydraolic fracturing has been used as an anal-
agy to the growth of ignecus intusions (Pollard 1973, Pollasd
and Johrson 1973; Pollard 1978). Sills are igneous intrusions that
are parallel to bedding and they are commaonly flat-lying to gently
dipping, #nd lacceliths are ipneows intrusions that smongly inter-
act with tha ground sorface. As a result, analyses that have been
applied 1o understand sills and laccoliths have characteristics that
are important to undarstanding shallow, flzt-lying hydraulic frac-
tures, Those analyses will be modified, however, to include a
propagation criteria that appears to be rzlevant for shallow sedi-
ments, and to include conditions that pertain to the hydraulic frac-
turing process, such as o flmd balance on the fracture.

The growth of cilational, or mode I, fracres in fine-grained
soils can be predicted using methods of linear elastic fracturse
mechanics, according to Morris et al. (1994, Vallejo and Liang
(1994), Harison et .. (1994} and Murdoch (1993a.b.c). The use
of & critical mode [ stress intensity, K., or a related parameter as
a cntena for propagation 15 central to the apphcation of linear
elastic fracture mechanics, Murdoch (1993a.5h,c) has shown that
analvses based on fraciure mechanics and the uwse of Ky in par-
ticular are capable of predicting the essential details of hydraulic
fracrures created in blocks of silty clay in the laboratory. The
analvsis described here will build on the previous work described
beth by petrolewm engineers and mvestigators in geomechanics.

The tvpical hydraulic fracture in shallow, fine-grained forma-
tions 5 a gently dipping feamire that is slightly asymmettic with
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Fig. 1. (1) Typical hydrauliz fracture inferred from field measure-
ments. () Idealized circular form used 1o represent hydraulic fractore
in the analvees.

respect to its parent borehole {Fig. 1], according to the paper by
Murdoch and Slack (2002}, This rypical fractiure grows primarily
radizlly, elthough many have a preferred direction of propagation
so they grow in one radial direction more than the others. The
maximum length of these features is several times greater than
their depth, and the aperture of the fractures is two to three oeders
of magmitude less than their maximom length.

Aralyring the form of the typical hydraulic fracture showa in
Fig. 1(a} will require a three-dimensionsl analysis thet currently
can only be conducted using a state-of-the-art numerical simula-
tor such as the one described by Carter et al, [2002). However, it
i5 possible to infer an 1dealized form that captures important fea-
tures of the field observations while retaiming a geomeric sim-
plicity that can be solved analytically. It is the purpose of this
paper W develop such an idealized model and o evalsate the
model by comparing the results it predicts to obsarvations from
tae field. This exerzise is intended to be a first step that will lead
tae way for more detailed numerical analyses in the furure,

Conceptual Model

A hydraulic fracture at shallow depths will be analvzed as a hori-
zontal, circular, disk-shaped cavity loaded by internel Auid pres-
sure and embedded in an elastic medium [Fig. 1(b}]. This feature
resembles the actual idealized fracture (Fig. 1), but there are a
variety of geometric differences which will be examined individu-
ally in the following section.

Dip

Field observations show that many hydraulic fracmres in shallow,
finc-grained deposits dip less than 20° and some fractores are
within a few cegrees of horzontal (Murdoch and Slack 2002,
Figs. 2 and 3}. It seems reasonable to ignore the effect of dip and
simply assume as & first appreximztion that fractures dipping less
than 20" can be represented as flat Iving,

The dip of hydraulic fractures a: some locations is greater than
20° and it may be nearly vermical. The analysis developed here
will ke inzppliczble to those steeply dipping fractures. However,
hydravlic fractures with relatively gentle dips appear to be com-
mon and they have more environmental zpplications than ther
steeply dipping counterparts, so this limitation will be acceptable.

Aspect Ratio

The average plan aspect ratio of gently dipping hydraulic frac-
wres 1s 1.2, that is, one axis 15 20% longar than the other (Mur-
doch and Slack 2002, Fig. 9). The point of maximam wplift and
the point of injection are bath eccentnc with respect to the center
of the fracture in plan, On average, the point of maximwm uplift

and the point of injection differ from the centar of the fracture hy
a disiance that 15 14% of the major axis, according to Murdoch
and Slack (2002). Both the elongate aspect ratio and the eccentric
location of the maximum uplift and injection well are clearly
recognizable fearures of shallow hydraulic fraciures, but their av-
erage magnitude appears to differ from the idealized, symmetric
form by an amount that is small relative to the size of the frac-
tures, [gnoring these geomerric fealras appears to be warranted
based on their magnitude, although this assumption should be
tested when a threz-dimensional model is available.

Dilation

The walls of a gently dipping hydraulic fracturs will be displaced
either by compressing the adjacent material or by lilting the over-
burden. or a combination of the two mechanisms. The ratio of
fracture length to depth determines the extent of the contribution
of each mechanizm, with compression favored when the ratio is
small and Iifting favored when it is large, Both methods of dis-
placement can be considered using the approach outined here.
However, Lifting dominases comprassion of the overburden when
the ratio of total length to depth is greater then 3 (Pollard and
Johnson 1973). Approximately 80°% of the fractures described by
Murdoch and Slack (2002) had maximum lengths that were three
or more times greeter than their depth (Murdoch and Slack 2002,
Fig. 41.

The fractures dezcribed by Murdoch and Slack (2002} appear
to have dilated primarily by lifting their everburden, particulariy
relatively fate in their growth, This assumption is made with full
cogmizance that the sarly history of growth, when the fractures are
shott relative to their depth, may be poorly represented by the
analysis.

Mechanical Mdealization

The analysis will assume that the eround over the tracture de-
forms as & thin, circular, elastic plate. A similar analogy was used
by Pollard and Johnson (1973) and by Dyskin et al. {1999) w
analyze shallow fractures. The use of the thin-plate analogy tac-
itly ignores changes in displacement with depth; that is, the aper-
mire of the fracture is assumed (o be equzl 1o the vertical displace-
ment of the ground surface. Simpling and excavarion snidies
suggest that the thickness of material imjected into a hydraulic
fracture is proportional to the uplift of the ground surface over the
fracture, and that the edge of the uplifiec pround roughly overlies
the edge of the fracture at depth (Murdech and Slack 2002; Figs,
5 and 7). Mareover, the volume with which the ground has been
displaced is roughly the same as the injected volume (Murdoch
and Sleck 2002, Fig, 12). As a result of these observations, the
assumption thai the ground owver shallow hydraulic fractures
Mexed like 4 thin plale appears justified,

The analysis will deterrnine the injection pressure, aperture,
and length of the hydranlic fractore as functions of time. This will
be done by using the thin-plate analogy to determine expressions
for the aperiure and the volome of a pressurized, static fracture.
Lingar elastic fracture mechanics will be used to derive an expres-
sion for the stress intensicy factor, which will provide as a crite-
rion that must be met to maintain propagation. The three equa-
tions for aperture, volume, and stress intensity will be solved
simultaneonzly to determine the injection pressure, aperture, and
length of the fracture. The volume of the fracture changes with
tme, and the analysis will be made ransient by balancing the
volume of the fractre (and associated leakage)! with the volume
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Fig. 2. Section view of the loading and terms used in the analvsis.,
Radial symmerry is assumed.

of injeced Auid. Methods for including the effects of leakeff and
viscous dissipeion within the fracture will also be prescnted;
however, it will be shown that the effects of leakoff are negligible
for the range of field conditdions and treatment designs that are
used as examples.

Analysis

The ground over a shallow hvdraulic fracture 15 sepresented os a
flay-lying, thin elastic plate of thickness 4, modalus E, and Pois-
son's ratio w. The plate is loaded by a oniform net pressure, or
driving pressure Fg=fluid pressure—overborden pressure) over
a circolar area of radius & (Fizg. 2). The plate 15 assumed to be
clamped at its cuter edze, which means that both the displacement
and the slope of the plate are 2éro at r=a (Fig. 2).

The vertical displacement of the overburden &, which 15 as-
sumed to be equal o the fracture aperture, is given by Love
(1927}

8(r)=8g[1—(rfa)*]* in

where the displacemnert at the ongin iz
3Pt o
T &

Plane strain is assumed, and £'= £/ 1 — "), Downwsrd dis-
placement of the lower fracture wall will be ignored (Petking and
Kern 1961),

The mode T stress intensity at the lzading edge of a circular
fracture in plane strain is (Williams 1984]

. E'Py (=
Ki= rldeldaldr 3
b

Za

where the compliance ¢ for the configuration in Fig. 2 is

B Ay g2 4

z mﬁ [1 {ria)*] EY

It follows that the mode I strass intensity factor for this loading is
3 ‘|'|_|'2

Ey=P ga® 'ﬂ":‘,] 13

The fracture i assumed to propagate under equilibrium con-
ditions, which implies that the mode 1 sTess intensity equals a
critical value, Ky, the fracture toughness, during propagation.
Murdoch (1993ab.c) showed that this approach is a viable
meathod of predictng the behavier of hydraulic fractures created
in silty clay during laboratory experiments, and Harson et al.
{1994} concluded that fracwore tonghnaess of cchesive soil can be
used o predict tanzile frocturing in loboratory samples.

The use of Kj- as a propagation criterion overlooks the con-
tribution ef a mode 1 stress intensity, Ky, dusing propagation.
Pollard and Holzhausen (1979) and Dyskin et al. {1999 showed
thar Ky will increase 45 two-dimensional rectangular fracrures
become closer to a free surface. Indeed, the increase in mode [I

stress intensity is one process that has been inferred to couse
upward growth of shallow hydraulic fractures (Murdoch 1995).
An expression for the mode 1T stress intensity of a shallow, cir-
clar fractare is, to my knowledge, unavailable. Dyskin et al
(1999, Table 1) show that for a long rectangular fracture Kqin-
creases with a°, just as Ky does. Assuming that a similar relation
oceurs for a circular fracrure, then it appears that ignoring mode IT
mayv affect the magnimde of the stress intensity [by altering the
constants in Eq. (5)] but it will not affect the form of the resulting
analysis. The possibility that the fracture can curve upward,
which is one consequence of K, has already been ignored so it
szems reasomable to ignore the effect of Kp in the propagation
Critenon.

The analysis becomes a function of time by introducing a bal-
ance betwesn the rate of injection and the volume of the fracture,
This approach tacitly ignores dynamic effects during propagation,
but propagation velocities that are o sigmficant fraction of the
speed of sound in the solid are required before dynamic effects
are important. Nilson (1986) points oul that viscons effects related
to the injection of fuid during hydravlic fracturing will limit
propagation rate so that dynamic effects are negligible. Assuming
that an incompressible fluid is injected into the fracture at a con-
stant rate 0, the tme of injection is

1= (Vg + Vi)' 0 (6)
where V= volume that has leaked out through the walls of the
fracmire and Vo =vclame of the fracnme itselfl

It will be convenient to inibally ignore volumes losses dus to
leakofl and then include that process later. Integrating Eg. (1)
gives the fracture volume

~ Bgmad
Vi=—y 7

2

Using Eqs. {2, (3), and (7} and solving for the driving pressure,
radial length, and maximum apertare as functions of time gives

Pam 12 (8a)

S NG e
C=grET | 6,

a=Cyt' (&h)
Q:.f-idﬂ-‘ﬁEf 1 o LA
R 0 e
fg= C;fl'lz (B

L2 | |
Kgold g 2
Co= gt | 3™,

Viscous Losses in Fracture

Viscons dissipation will cause the pressure head 1w drop from the
center 1o the outer edge of the fracture, This process can be in-
cluded in a sinplified manner (Perking and Kermn 1961) by assum-
ing that at any given time the fracture is a disk-shaped slot of
umiform aperture. The pressure of a Newtonian fluid flowing ra-
dially in the laminar regime is

60w r
P=pi— ;:5'3—]11;' )

where p=slumry viscosity and p,=pressure at the edge of the
imitial fracture, or starting slot, and a@;=radius of the slot. The
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averaps pressuie is obtained by integrating Eq. (9) over the area
of the fracture and assuming that the redius of the fracture is
much greater than the starting radivs.

P DM a4 (10
We o,
The average fracture aperturs will be used in Eq. (10), o by
inteprating Eq. (1) over the fracture area we get
8 g =803 {11)

Friction losszs in the pipe used for injection are ignored, so p;
=Pet ¥ nd, where po,=ths pressure in the injection pipe at the
ground surface. The driving pressure is defined as

F:I'=F2-'e_dqus:|i.i {12:]

Substituting into Bg. {10) and rearranging gives
.. 8o
Fg—s:Fﬂ""d';'ﬁ'mi]"Tglumu""_“'J'_[In{ﬂ"lﬂf:'- 1] 3
g

Using Bg. (8) and neglecting lzakotf gives the injection pressure
as a function of time

pa==0C11" 124 Yot T gtueey )

e ImCE) (T
A 4,—1F o al e
EACTE ~[_4— . 1;1||I - 1] (14)

where the cffects of viscous losses are included in the ast tenm,

with
C,=25860p (15)

Note that in the analysis presented above, the effects of viseous
losses will changs the pressure measured al the ground surface,
but the guantities predicted in Eg. (3) will remam unchangzed.
This oeeurs because the mechanical analysis assumes the pressure
in the fracture is uniform.

Leakoff

Leakage of injecied fAuid out through permeable fracture walls
will result in a fracture that is shorter tham it would be in zn
impermeable medinm. This will increase the time required for a
fracture 1o grow to a given length. Substituting Bgs. (7} and (2]
inte Fap. (B) gives the time to grow foom a; 02 as

V. +¥ gwC (=
e RO
with
Ce= 0541 s (166}
U EE G 3

where 1{r)=time when the leading edge of the fractore wes at
radius r and C =leakoft coefficient (Camer 1937). This equation is
mnplicit in ¢ and so it cannat be intzgrated directly. It is straight-
forwerd, however, o solve this equation iteratively. The proce-
dure is to estimate an initial value for r and vse it in Eq. (16} o
calculate a revized value of 7 The revizsed walve iz substitutec
back into Eq. [16), and this procadare s repeated until the relative
etror betwesn succassive astimates i less than a converpence
criterie (0,001 was used in this work).

The zrowth of a fracture to length @ was calculated by starting
with an initial fracture of length 2, and adding small merements

ol length, Aq. This is implemented by assuming leakoff is neg-
ligible at the start of propagation so that from Eg. (16)

t,=Csa} (17)

is used for the first incrzment of growth o length a,=a, + Aa.
The time required o grow by # increments to g, is initially esti-
mated by linear extrapolation using ¢,_ and f,_-. The inital
estimate for 7 1% used along with the caleulations of a and ¢ when
the fracture length was shorter than a, to integrate Eq. (16). The
trapeeoid method was used for the integration. This procedure
gives the fracmre length as a function of time. Driving pressure as
4 function of time is then obtained explicitly by rearranging Eg.
(5), and the aperure follows from Eg. (2). Injection pressure is
calenlated vsing Bqg. (13).

Application

The analysis wall be calibrated by deriving appropriate values of
C, E', and Ky from field data. The calibrated model will be
tested by comparing observed injection pressures and uplift or
apertures values to ansisar predictiens. The model will be for-
ther tested by using average values of £ and Ky determined for
a particular site to predict the maximum wplift and lengths of 16
[ractures, and comparing those predictions w measurements made
in the field.

Calibration

Calibraticn of the model requires estimating C, E', and Ky for
site conditions. It is possible to estimate these parameters from
laboratory data. However, only a fesw measarements of £ of sml
have been described (Murdoch 1993a.b.c; Harson et al. 1994),
and a standard lab technioue for making these measurements is
unavailable.

An altarmaftive is to estimate the parameters from tests of hy-
draulic fracturing in the field, Leakoff coefficients were estimated
at several sites underlain by silty clay till by analyzing the record
of injection prassure using methods similar to those described by
Molte (1989). Those estimates suggest that C is roughly 0.003
cmmin~“* when crosslinked guar gum is injected into silty clay
alacial dnft (K= 107% emfs). This valoe indicares thar V., 1s
less than a few percent of Wy, It seems reasonable to ignore the
effects of leakoT when creating fractures of the size described by
Murdoch and Slack (2002} with zuar gom gel in clay-rich forma-
dons. Leekoff will be assumed te be zero in the remaining appli-
cations, althcugh it probably will he important in some applica-
tioms, such as when creating hvdraulic fractures in formations that
are more permeable than silty clay.

Elastic modulus and K- can be estimated from measurements
of muximum wplifl and injeclion pressurs as a [unclion of dme,
This was done by selecting several representative values of injec-
tion pressure as a function of Gme. This simple filtering was nec-
essary becausze it allowed anomalies caused by field operations
that are unrelated to the processes included in the analysis (e.g..
stopping and restarting the injection pump)} o be omitted. A pa-
rametzr estimation scheme was used to cbtain Ky and £' that
minimize the residual emror betwesn obzerved pressure and wplift
and valves predicted using Eq. (&), The minimization scheme was
implementad using the Solver routine in EXCEL.

The approach described above was used to estimate K and
E’ gt a site underlain by a firm to stiff, CH to CL (Terzagh! and
Peck 1967) silty cley vertiscl near Beaument, Tex. Standard prop-
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erties of this soil are described by Mahar and O'Neill (1933), The
criticel stress intensity, K;~, appears to be independent of depth
with an average of (LO71 MPam'?, a standard deviation of 0.018
MPam*?, and a coefficient of vanation of 0.25 (Fig. 3).

Independent measurements of the fracture toughness of Beau-
mian; clay were unavailable ac the time of this writng, bul ters
are two studies of generally similar materials that are noteworthy.
Harizson ot al. (1994} measurcd the fracture toughness of a re-
molded CL soil in the laboretosy and found that K was 0.10
MPam'? at a water content of 10 wr% and decreased o 0.03
MPam'? al 20 wi % water, Their estimatas show considerable
variability. ranging over aporoximately 0.07 MPam'® for any
particular water content. Murdock [1993b) also found that K5 of
a CL silty clay decreased with water content, and his measuge-
ments were in the range of 0.01-0.05 MPam'® for volumetric
water conterts of 0.23-0.30. Contamination precludad making
measurements of water content at the Beaumont site, but the hy-
draulic fractures were creared within a meter of the water table
([above and below), so the silty clay can be assumed o be salu-
rated and the higher water contents given above would be appro-
priate for compariscmn.

It appears that the methed described above for estmating frac-
ture toughness from full-scale field data gives results tha: are
~=i"njla1' t¢ data obtained from laborztory tests on similar materizl

{Fig. 3). It is possible that the field method may give slightly
greater valves of K- than the laboratory techniques de, although
additional Iaboratory testing using soil from the feld sie would
be required to evaluate this possibility.

Elastic modulus determined using the approach descobed
above ranges from 2.5 to 17.6 MPa. and appears to be indepen-
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Fig. 4. Elastic moculns as a function of depth in Beanmaont clay.
Open squares are from this study (dashed line is the mean and dotied
line is ene standarc deviation), filled diamonds ere from Mahar and
O°Neill (1983, Fig. 12).
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Flg. 5. (a} Injection pressure &5 a function of tmea from field obser-
vations [black line) and theoretical 2nalvsis (gray line with dots). (b)
Uplift as a function of time from fizld Dbsmarjunh {open symbols)
and theoredical analysis, Kp-=0.08 Mpam'” =45 Mpa (gray line
with dots).

dent of depth (Fig. 4) for the depth range evaluated during the
study. The average value is 9.7 MPg, standard deviation is 5.3
MPa, and the coefficient of vanation is 0.55.

Mahar and O'Meill {1983} determined the elastic modulus of
Beaumont clay using several different field and laboratory meth-
ods. They found (Mahar and O Neill 1983, Fig. 12} that estimates
of elastic modulus ranged from approsimately 7 w 27 MPa de-
pending on the type of experimental method. Their data give a
meen of 17.4 MPa, a siendard deviation of 7.2 MPa, and a coef-
Reient of variation of 0.4]1. The mean value obtzined by Mahar
and O'Neill is 1.8 dmes greatsr than the mean valoe obtained
using hydrawlic fracturing, however, there is considerable varia-
tion in both sets of measurements (Fig, 4),

Transient Data

The analysis presented above was used to predict aspects of the
behavior of a fracure created at a depth of 1.83 m at a site
underlain by a suff to very siff, CL (Terzaghi and Peck 1967)
gilty clay glacial drift (water comtent: 16%, void ratio: (L5, wetr
unit weizht: 21 kNim®, dry unit weight 17.9 kN/m”) in Chicago,
Il The fractare contained 0.74 m’ of fracturing gel with an ap-
parent viscosity of 180 ¢p and no sand. The injection rate was
=0.021 m*fmin. The injection pressure was measured at the
well head wsing a datalogger, and the displacement of the ground
surface was measured at several locations using a leveling tele-
scope.

Values of K- and £’ were derermined by minimizing the
sguared residual between pressure and wplift histories observed in
the field and those predicted using Egs. (8a), (13}, (14), and (8c).
This gives K-=0.08 MPam'? and E' =45 MPa,

The field data indicate that the injection pressure increases
abrapdy (w260 kP2 when the pump is mmed on at +=23 min [Fig.
3(a)], but then it decreases sharply and continues to decrease
throughout the duration of injection. The maodel predices the in-
jection pressure to within approximarzly 10 kPa throughout the
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Fig. 6. Fracrare aperture measured using a borghele extensometer
{alack line) and predicted using Eq. (8¢} (gray line with dots).

period of propagation, The model is able to predict the maximum
uplift within approximately 1.5 mm during most o7 the period of
propagation [Fig. 3(b}]. Departures from the predicted values
aceur afrer 25 min. relatively late in the period of injection. This
fracture was asymmeatric with respect to the borehale, similar to
Fig. 92} in Murdoch and Slack (2002], and the asvmimemry prob-
ably contributed to departures from predicted values,

Fracture aperture has beer. measursd dirscily in a Tew cases
using a borehole extensometer, and the results of thess measure-
ments are ramerkably similar to the form predicted by Eq. (8¢
Observed apertures during the test described by Murdoch and
Slack {2002} (their Fig. 73, for example, were usad to estimate a
valug for €. using Tg. (8c). The analysis predicts (Fig. 6) the
observed aperture to within 0.5 mm throughoul Zrow of the
fractore. [t is noteworthy that this fracture was crested with a
piston pump. which produced a highly escillatory pressure record
that defied 2 meaningful interpretation using Eq. (8a). For this
ceason it was impossible to estimate Ky and E for this example,

Fracture Form

an alternative method of westing the apalysis is 10 compare the
final forms of fracturss observed in the field o those pradicted by
the analvses. This was done using the data from the Beaumont
sitz. where average values of Ky and E' (Figs. 3 and 4) were
used with Eq. (8) to predict maximum uplifts and lengths of frac-
tures. The relative errors [(predicted-observedubserved] were
caleulated as & measurs of how well the celibrated model could
predict te uplift and length.

The results indicate thet the mean relative error between the
predicted and observed maximum uplift 15 —(0.05, whereas the
mean of the zbsolute value of the relative eror is 019, The mean
rzlative =reor hetween the predicted and observed length is 0.10,
whereas the mean of the absolate value of this relative error is
0.30

This suzzests that, on average, the anzlysis underpredicted the
uplift by ahcut 5% and ovecpredicted the length by about 10%
when average values of fracture toughness and modulus wers
used Sor the Beaumont data. However, the means of the absoluts
valuss of the relative errors are several times greater than the
means of the relative errors themselves, This suggests that the
error of any particular prediction was 20% for uplift and 30% for
length, on average. The errors are both posilive and negative,
which is why the mean of the relative eror is less than the mean
of the absolute valuz of the smor

The degree of asymmetry is clearly a major factor affecting
how well the analysis van predict the uplift pattern, Some of the
grearest errors in the Beaumont data result from fractures where
the degree of asymmetry was significant. The perem of upliit
ohserved over fractures with different decrees of symmetry are
compared to the uplift pattern predicted by Eqg. (1) given by Mur-
doch and Slack (2002). The analysis is able to predict the form of
the uplift dome o within the accuracy of the field measurements
when the fracture is symmetric, however, the error increases as
the fracture becomes asymmetric (e.g., Murdoch and Slack 2002,
Fig. 9).

Discussion

The analysis described here is able to predict essential details,
such as the injection pressure, aperture, and length of hydraulic
frartures from selected examples that are genily dipping and sev-
eral times longer than their depth of initiadon. This predictive
capability offers insights into the creation of shallow hydraulic
fractures, but it 15 important to keep in mind the limitations that
nave resulied from the assumptions requited to formulate the
analysis.

Hydraulic fracrares were assumed to resemble a flat-lying cir-
culer disk and that only the radial length changes during growth,
and this assumption limits the applicability to fractures that re-
semble this form. Hydraulic fractures that dip less than 20° and
that have symmetries rypical of those shown in Fig. 1(a) probably
can be predicted with aceurzcies that are accepiable for field con-
ditions. Most environmental implemerntations are hest suited to
hydranlic fractures that are genily dipping {Murdoch 1995 MMur-
doch et al. 1597), so the analysis is applicable to a wseful form of
fractures,

It appears that the analyses presented here can be used o es-
timare Ky and E' by analvzing results of tests that stress rela-
tively larze regions (on the erdar of 10 m across) of material.
Field methods for meascring K- in site currently are unavailable,
and field methods for estmating £ are limited to measurements
made in borings that affect a relatively hmited volume of mate-
fal, As a result, it is difficult w validate the results of this appli-
cutiun, It is possible that the technique described here for estimat-
ing E° by stressing a relatvely large volume of soil may have
applications for investigating possible changes in modulus with
scale, or where other methods are unavailable or infeasible, It i3
importan: to point out, however, that the method described here
for estimaring Ko and E' was develeped to calibrate a model for
predicting the growth of hydraulic fractures, and other uses for
the analysis still need to be tested.

Applications of the model show that it is possible wo predict
injection pressure and uplift observed as a function of time during
selected examples in the field (Figs, 3-5 and Murdoch and Slack
2002, Fig. 9. The record of injection pressure with time for somc
hydraulic fractures differs markedly from the analysis given here.
Sand is typically mixed with the injection fluid and the proportion
of sand ranges from zero at the start to more than 30% by volume
after the fracture has propageted for some time. The injection
pressure fuctuates markedly due to variadons in theology of
sand-laden injected fuid ard this behavior is omitted from the
model and cannat be predicted. The example shown in Fig. 5(a)
lacked sand in the injection fiuid. so complications related to
changing theology were avoided,

During some field applications where sand is used in the in-
jection fluid, the pressure decreases at a rate that is slower than
predicted by the model, end in some cases, the pressure remains
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nearly constant during propagation. One explanation of this be-
havior is that the liquid and solid phases of the shury separats.
with the ligoid fowing into the namow fracture tip and sand de-
posited slightly behind the tip. The increasing sand concentrations
slightly behind the tp could inhibit propagston znd resalt in
behavior that rasembled an increass in the spparent Ky with tims,
The process of separation of slurry in the fracture tp is consistenr
with field observadons (Muasdoch 1995).

The analysis assumes that the material over a hydranlic frac-
mre deflects like a thin plate, and this assumption will limit the
applicability o fractures that are shallow relative to their diam-
zer. It is possible to modify the analysis given bere to consider
deep, circular fractures where the displacements vary with depth
by using anzlyses described by Sun (1969) and Dyskin etal,
(1999, This would relax the restriction to shallow fractures, al-
though it would still require the fracture to be shaped like a flat-
Iving circular disk.

The performance of geotechnical operations, such as perme-
ability testing, prouting, or well drilling, can be hampered by
hydranlic fractures that form unintentionally, anc there is consid-
erable interest in understanding how to predict fracturing during
these operations. The analysis described here conld be useful for
making such predictions, but it would require some cstimate of
the size of the ininal fracture intersected by the borehele, It is
important to point out, however, thar the purpose of this analysis
was o predict sspects of hydraulic fractures that were created
intentionzlly, and the effectiveness with which the analysis can
predict the onset of fractunng is unclear.

Many of the limitations of this analysis result from the need to
specify the geometry of the fractore in order to obtain 4 ¢losed
form expression; the analysis is unable to realistically predict the
propazation path of a shallow hydraulic fracrure. To lift these
limitations will require a three-dimensional analysis where the
hydraulic fracturz can propagate out of its original plane and be-
come asymmetric with raspect to its parent borekole (Carter et al,
2000). Developing analyses with the ability to predict the growth
of hydraulic fractures with realistic forms, which aveid the as-
sumptions needed to simplify Figs. 1{a and b), is the challenge
that should guide fulure efforts w understand the growth of shal-
low hydranlic fractures.

Conclusions

A theoretical analysis based on linear elastic fracture mechanics
has been developed to predict the behavior of a shallow, flat-lyving
circular hydraolic fracture, The analysis assomes equilibrium
propagation and accounts for fluid losses om thraugh the wall of
the fracture. Those losses are small when fractures of the size
described here are crested in silty clay, so it appears that the
etfects of leakoff can be ignored for many field applications. This
simplification produces power functions [Eqs. (B)] thar predict
uplift (ur aperure), injection pressure, and the radial length of the
fracture as funcricns of time, elastic modulus, and fracture tough-
TGS,

[t appears to b2 possible to estimate elastic modulus and frac-
ture tonghness of soil vsing measurements of injection pressure
and uplift. A preliminary application of this method gives values
of £ and Ky~ that are similar to measurements made using inde-
pendent methods. This suggeses that the proposed model can be
calibrated either with results from laboratory tests or with énalysis
of preliminary fizld data obtined during the creation of hydranlic
fracturzs. Morecover, it mey be possible to use the results of hy-
draulic fracturing rests o estimate properties of shallow forma-
uons.

The analysis presented here is able to use average values of E
and Ky for 2 particular site with field measurements made during
routine monitoring to predict the maximum uplift and the radius
with a relative error of about 20% for data from a site underlain
by silty clay vertisol. The form of the uplifted arca ranges from a
symmetric dome to an asymmetris bulge, and the analysis is able
to predict the symimetric pattern to within a few mm. The errors in
the prediviion of the form of the uplified area increase as the
degree of asymemetry increases, although this is expected because
the model assumes an axially symmetric loading. Future efforts to
understand shallow hydraulic fractores can improve on the results
given here by providing the capability 1o predict the growih of
fracture forms thet rescmble the full range of field observations.
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Notation
The following symbols are used in this paper:

a = radial langth of fracture;
a, = radivs of initial fracre or starting slot;

C = leakoff coefficient;
¢ = compliance;
d = depth;
E = elastic modulus;
E' = Ef(1-v*);
Kz = crtical mode 1 stress intensity:
K. Ky = mode T and IT stress intensity;
P, = driving pressure;
Py, = injection pressure at the ground sorface;
p = pressure in the fracture;
Pave = average pressurz in the fracture;
p: = pressure at the leading edge of the starting slot;
[} = wvolumetric injection Tate;
r = radial coordinate;
! = tme;

a

Ve = volume of fluid in the fracture;
ear = volume of fluid that has leaked out of fracture;
Yoy = Unit weight of slurry injecied into fracture;
: unit weight of soil;
uplift or aperture;
average aperturs or uplfi;
= maximnm uplift or aperre;
dynamic viscosity; and
Poisson’s ratio.
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